It is known that a mesoscopic normal-metal ring pierced by magnetic flux supports persistent current. It was proposed recently that the persistent current exists also in a ring made of a band insulator, where it is carried by electrons in the fully occupied valence band. In this work, persistent currents in rings made of band insulators are analyzed theoretically. We first formulate a recipe which determines the Bloch states of a one-dimensional (1D) ring from the Bloch states of an infinite 1D crystal created by the periodic repetition of the ring. Using the recipe, we derive an expression for the persistent current in a 1D ring made of an insulator with an arbitrary valence band ǫ(k). To find an exact result for a specific insulator, we consider a 1D ring represented by a periodic lattice of N identical sites with a single value of the on-site energy. If the Bloch states in the ring are expanded over a complete set of N on-site Wannier functions, the discrete on-site energy splits into the energy band. At full filling, the band emulates the valence band of the band insulator and the ring is insulating. It carries a persistent current equal to the product of N and the derivative of the on-site energy with respect to the magnetic flux. This current is not zero if one takes into account that the on-site Wannier function and consequently the on-site energy of each ring site depend on magnetic flux. To derive the current analytically, we expand all N Wannier functions of the ring over the infinite basis of Wannier functions of the constituting infinite 1D crystal and eventually determine the crystal Wannier functions by a method of localized atomic orbitals. In terms of the crystal Wannier functions, the current at full filling arises because the electron in the ring with N lattice sites is allowed to make a single hop from site i to its periodic replicas i ± N . In terms of the ring Wannier functions, the same current is due to the flux dependence of the Wannier functions basis, and the longest allowed hop is from i to i ± Int(N/2) only. Finally, we estimate the persistent current at full filling in a few realistic systems. In particular, the rings made of real band insulators (GaAs, Ge, InAs) with a fully filled valence band and empty conduction band are studied. The current decays with the ring length exponentially due to the exponential decay of the Wannier functions. In spite of that, it can be of measurable size.
I. INTRODUCTION
It is known that a conducting ring pierced by a constant magnetic flux can support persistent electron current circulating around the ring [1] . The persistent current is well known to exist in a superconducting ring, and also in a normal-metal ring as long as it is mesoscopic (of size comparable or smaller than the electron coherence length). Early work dealing with persistent current and flux quantization in superconducting rings [2] also contains results relevant to the normal metal rings. Later it was mentioned [3] that one can have circulating currents for free electrons in ballistic normal-metal rings, and the reference [4] proposed that persistent currents should exist in the disordered normal-metal rings. The persistent currents were indeed observed in the disordered normal-metal rings [5] [6] [7] [8] [9] as well as in ballistic conducting rings [10, 11] . Details are reviewed in various papers [12] [13] [14] .
One of us recently proposed [15] that persistent current exists also in a ring made of a band insulator, where it is carried exclusively by Bloch electrons in the fully occupied valence band. The effect is interesting for two reasons [15] . First, it seems to be the only effect manifesting electron transport in a fully occupied valence band. In a standard conductance measurement, the band insulator is biased by two metallic electrodes and one observes the tunneling of conduction electrons from metal to metal through the energy gap of the insulator. One does not observe the transport of valence band electrons in the insulator. Second, in the fully occupied valence band, Bloch electrons cannot be scattered by phonons or other electrons. Therefore, the electron coherence length should be huge even at room temperature if the valence band is separated from the conduction band by a large energy gap. The persistent current in the insulating ring should thus be observable up to high temperatures as a temperature-independent effect as long as excitations into the (empty) conduction band are negligible. By contrast, persistent currents in metallic rings are observable only at low temperatures. [9] .
We report on a study of persistent currents in rings made of band insulators using the formalism of the Bloch and Wannier functions. It was partly motivated by a pioneering analysis [16] of persistent currents in a 1D ring-shaped periodic lattice composed of the lattice sites with a single value of the on-site energy. The authors derived persistent current I for spinless electrons at zero temperature assuming that they move along the lattice by means of the nearest-neighbor-site hopping. The result reads 
for even N e , where N e is the electron number in the ring, N is the number of the lattice sites, φ is the magnetic flux piercing the ring, φ 0 ≡ h/e is the flux quantum, and Γ 1 is the hopping amplitude. Equations (1) and (2) show a nonzero current for a conductor (N e < N ). However, they show a zero current for an insulator (N e = N ), which contradicts our claim that persistent current exists also in an insulating ring. Therefore, one of our goals is to give exact proof that a ring made of a band insulator does support a non-zero persistent current carried by the fully filled valence band. We also provide a simple tool allowing to estimate persistent currents in rings made of realistic band insulators. We finally present a derivation of an exact persistent current expression for a specific model insulator. This paper is structured as follows.
In Sect. II, we formulate a recipe which determines the Bloch states of a one-dimensional (1D) ring from the Bloch states of an infinite 1D crystal created by the periodic repetition of the ring. In Sect. III we use the recipe to derive an expression for the persistent current in a 1D ring made of a band insulator with an arbitrary valence band ǫ(k). The expression generally shows that the current is not zero, although it does turn to zero for a cosine-shaped energy band, which was used in the analysis with nearest-neighbor-site hopping [16] .
To derive an exact result for a specific insulator, in Sect. IV we consider a 1D ring represented by a periodic lattice of N identical sites with a single value of the on-site energy. If the Bloch states in the ring are expanded over a complete set of N on-site Wannier functions, the discrete on-site energy splits into the energy band. At full filling, the band emulates the valence band of the band insulator and the ring is insulating. We find that it carries a persistent current equal to the product of N and the derivative of the on-site energy with respect to the magnetic flux. An alternative explanation of why Eqs. (1) and (2) give zero current at full filling is that they do not take into account the flux-dependence of the on-site energy.
To get closer to an exact formula, in Sect. IV we expand all N Wannier functions of the ring over the basis of Wannier functions of the constituting infinite 1D crystal. In terms of the crystal Wannier functions, the current at full filling arises because the electron in the ring with N lattice sites is allowed to make a single hop from site i to its periodic replicas i ± N . Alternatively, in terms of the ring Wannier functions the same current is due to the flux dependence of the Wannier functions basis, and the longest allowed hop is from i to i ± Int(N/2) only.
In Sect. V we eventually derive the crystal Wannier functions by a method of localized atomic orbitals (LCAO) and express the persistent current at full filling by means of an exact formula. The formula is found to be in good agreement with a numerical LCAO calculation. The numerical data are provided for a 1D ring made of an artificial band insulator, namely for a GaAs ring subjected to a periodic potential emulating the insulating lattice.
In Sect. VI we estimate persistent currents in the rings made of real band insulators (GaAs, Ge, InAs) with a fully filled valence band and empty conduction band. The current at full filling decays with the ring length exponentially due to the exponential decay of the Wannier function tails. In spite of that, it can be of measurable size.
Our results are summarized in Sect. VII. We relate them briefly to the paper by Kohn [17] , which defines the insulating state as a property of the many-body ground state, and which contains a remark implicitly admitting the existence of nonzero persistent current in insulating rings.
We note that some of the results of Sect. V were obtained in the conference contribution [18] by means of a formally different approach. In another conference paper [19] the persistent current at full filling was analyzed for a 1D ring with Kronig-Penney potential.
II. ELEMENTARY THEORY AND THE GENERAL RECIPE
To review basic concepts, we consider the circular 1D ring with circumference L, pierced by magnetic flux φ. The electrons in such ring are described by the Schrödinger equation
where x is the electron position along the ring circumference, m is the electron mass, V (x) is an arbitrary potential applied along the ring, ε(φ) is the electron eigen-energy, and ψ φ (x) is the electron wave function. Due to the ring geometry, ψ φ (x) has to fulfill the periodic condition
We define the wave function ϕ φ (x) by transformation
Setting (3) and (4) we obtain the Schrödinger equation
with the boundary condition
Here the magnetic flux enters only the boundary condition.
In the ring geometry, V (x) obeys the periodic condition
which is the same as for the infinite 1D crystal with lattice constant L. Therefore, equation (6) with condition (8) is mathematically identical with the Schrödinger equation
where V (x) is the infinite periodic potential with period L, obtained by the periodic repetition of the ring potential V (x). Equation (9) has the well known Bloch solution
where the function u k (x) fulfills the periodic condition
and k is the electron wave vector from the interval (−∞, ∞). Clearly, the wave function (5) and Bloch solution (10) coincide for k = 2π L φ φ0 . Let us discuss this coincidence in detail. Consider first the ring with zero magnetic flux. To obtain the wave functions in such ring, it suffices to take the Bloch function (10) and to restrict it by the periodic condition
which is the condition (7) for φ = 0. Due to the condition (12), the wave vector k becomes discrete:
Thus, in the ring with zero magnetic flux and specified potential V (x), the eigen-function ϕ n (x) and eigen-energy ε n can be calculated simply by setting k = 2π L n into the Bloch solutions ϕ k (x) a ε(k), calculated for the same potential V (x) repeated with period L from x = −∞ to x = ∞. This recipe can be generalized to nonzero magnetic flux as follows.
Arbitrary magnetic flux φ can be written in the form
where φ , is the reduced flux from the range < −
2 ) or alternatively from < 0, φ 0 ), and n is one of the values n = 0, ±1, ±2, . . .. Setting (14) into (5) one can write (5) in the form
where the function ψ
Similarly, in the Bloch function theory it is customary to express the wave vector k by means of the relation
where k ′ is the reduced wave vector from the first Brillouin zone and the integer n plays the role of the energy band number. Using (17) we can write the Bloch function (10) as
where the function u ′ n,k
The equations (15) and (16) coincide with the equations (18) and (19) , respectively, if
or alternatively, if
One can thus formulate the following general recipe. In the ring with a known potential V (x), the eigen-function ϕ , n,φ , (x) ≡ ϕ φ (x) and eigen-energy ε n (φ ′ ) ≡ ε(φ) can be calculated by setting (20) or (21) into the Bloch solutions
The general recipe holds for any potential V (x) obeying the cyclic condition (8) . It therefore holds also for any potential which additionally obeys the periodic condition
where a = L/N and N is the (integer) number of periods a within the period L. This type of potential will be considered in the rest of the paper. Figure 1 illustrates how an infinite 1D crystal is created from a 1D ring with lattice period a and length L = N a. Such crystal is still described by Schrödinger equation (9) , except that now V (x) = V (x + a) and consequently u k (x) = u k (x+ a). However, the condition
We can rederive the general recipe briefly, if we compare
. It remains to express the persistent current. The Bloch elec-
We set into the Bloch electron velocity the formula (20) . We
, which is the electron velocity in state (n, φ ′ ) in the ring. The current carried by the electron in state (n, φ ′ ) reads
The total persistent current circulating in the ring is
where we sum (at zero temperature) over all occupied states n = 0, ±1, ±2, . . . up to the Fermi level. In the following text we use the formulas (23) and (24) with symbol φ ′ changed to φ, where φ ∈< − 2 ) or alternatively φ ∈< 0, φ 0 ). 
III. PERSISTENT CURRENT IN 1D RING MADE OF A CRYSTAL WITH ARBITRARY VALENCE BAND ε(k)
Consider first an infinite 1D crystal created from a 1D ring with the lattice period a and length L = N a as it is illustrated in Fig. 1 . Let ε v (k) be the energy dispersion of the valence band of Bloch electrons in that crystal. The wave vector k in ε v (k) is supposed to be from the Brillouin zone < − In what follows we skip the valence band index (v) for simplicity and we use notation ε(k). We can express ε(k) by means of the infinite Fourier expansion
where
and
Now we apply the general recipe from Sect. II. We set for k in Eq. (25) the equation k = 2π N a (n + φ φ0 ). We obtain the expression for the ring energies ε n (φ):
As shown in appendix A, expansion (28) can also be written in the form
where M = Int(N/2) and the Fourier coefficients Ω are given by equations (102) and (103). Expressions (28) and (30) (24) we obtain the persistent current
If the ring contains N e spinless electrons and N e is odd, summation over n in Eq. (31) includes the occupied states n = 0, ±1, ±2, . . . , ±(N e −1)/2. After simple manipulations
Performing the summation over n we arrive to the formula
2 ). Note that the first sum in (33) omits the terms j = N, 2N, 3N, . . . , included in the second sum.
If N e is even and φ ∈< 0, φ 0 ), we sum in Eq. (31) over the occupied states n = 0, ±1, ±2, . . . , ±(N e /2 − 1), −N e /2. Similar manipulations as before lead to the result
where φ ∈< 0, φ 0 ). The results (33) and (34) hold for the conducting (N e < N ) as well as insulating (N e = N ) rings.
For N e = N the first sum on the right hand side of Eqs. (33) and (34) becomes zero and both equations take the form
2 ) and N can be even as well as odd. Equation (35) expresses the persistent current in a 1D ring made of a band insulator with an arbitrary valence band ε k .
An important property of the formula (35) can be recognized without specifying the dispersion law ε k . The dispersion ε(k) is a periodic function of period 2π/a. As long as it is analytic in the whole Brillouin zone < − π a , π a >, the Fourier coefficients a j in the expansion (25) obey the inequality [20] 
where C and ξ are positive constants. Equation (35) combined with inequality (36) shows that the persistent current in the insulating ring is in general not zero albeit it decreases with the ring length at least exponentially. In the next sections, we will demonstrate for various specific insulating rings the exponential decrease, and we will see that the current can be of measurable size in realistic systems.
The pioneer results (1) and (2) can be obtained from Eqs. (33) and (34) if we keep only the term j = 1 and we put a 1 ≡ −2Γ 1 . Equations (1) and (2) predict for insulating rings (N e = N ) a zero persistent current, which contradicts equation (35). Origin of this contradiction is evident. Keeping only the term j = 1 means that only the nearest-neighborsite hopping is operative. This approach, also known as tightbinding approximation, simplifies the general dispersion law (25) to the cosine shaped dispersion ε(k) ∝ cos(ka). However, equation (35) shows that nonzero persistent current in the insulating ring of length N is (mainly) due to the Fourier coefficient a N which is in general not zero for a realistic dispersion law. We will see in the next section that a N physically represents the hopping amplitude for a single hop from site i to its periodic replicas i ± N .
IV. PERSISTENT CURRENT IN INSULATING 1D RING IN THE WANNIER FUNCTIONS FORMALISM
We consider again the 1D ring with lattice period a and length L = N a, sketched in Fig. 1 . Simultaneously, we consider the infinite 1D crystal obtained by the periodic repetition of the 1D ring, as it is illustrated in Fig. 1 . For the sake of clarity we recall a few major points. First, the Bloch function ϕ k (x) and Bloch energy ε(k) in the infinite crystal are described by Schrödinger equation
Second, according to the general recipe of Sect. II, the Bloch function and Bloch energy in the ring, ϕ n,φ (x) and ε n (φ), are given by equations
Third, the Bloch vector k is assumed to be from the Brillioun zone < − π a , π a >, or alternatively from < 0, 2π a >. This means that ε(k) is the dispersion of a single energy band and ϕ k (x) are the Bloch functions of that band. As before, the functions ϕ k (x) and ε(k) do not involve any band index, and ε(k) is supposed to represent the valence band of the crystal. Below we define the Wannier functions by restricting us to the Bloch states of that valence band.
A. Wannier functions of the infinite crystal
We first define the Wannier functions for the crystal. According to a standard textbook definition, the Wannier function W (x − la) at the lattice site x = la is defined as
is the Bloch function of the infinite crystal. We note that Φ k (x) is the same Bloch function as ϕ k (x) in equation (37). The only difference is that
while the normalization of ϕ k (x) in the infinite crystal is unspecified. In the following text, Φ k (x) represents the normalized Bloch function of the infinite crystal and the symbol ϕ k (x) with k = k n (φ) represents the Bloch function of the ring. [In the ring ϕ k (x) is normalized by equation (48).] Since the crystal is infinite, k is a continuous variable and the Bloch functions fulfill the orthogonality condition
One can then easy verify the orthogonality condition for the Wannier functions,
Finally, definition (39) can also be written in the inverted form
where one sums over all lattice points of the (infinite) crystal.
We define the matrix elements Γ j by equations
where l, l ′ = 0, ±1, ±2, · · · ± ∞ and it is taken into account that Γ l ′ ,l depends only on the difference
If we set for Φ k equation (43), we easy find
Comparison of Eq. (45) with Eq. (25) shows that a j = 2Γ j . Obviously,
which is an alternative form of equation (44). Finally, setting a j = 2Γ j into the result (35) we get
Equation (47) together with Eq. (44) express the persistent current in the insulating ring through the Wannier functions of the constituting infinite crystal. We defer discussion of these expressions to subsection C, where equation (47) is derived from the Wannier functions of the ring.
B. Wannier functions of the ring
Let us define the Wannier functions of the ring. In the ring with N lattice sites and a fixed value of magnetic flux only the discrete Bloch vectors k n (φ) are allowed, where
In both cases there are N allowed values of n (specified below), which means that the originally continuous band ε(k) consists of N discrete levels ε n (φ). The eigen-functions of these levels represent a complete set of N Bloch functions obeying the orthogonality condition
where k = k n (φ). Consequently, in the 1D ring with N lattice sites the Wannier function at site x = la can be defined as
where k = k n (φ) and summation over k means the summation over the N allowed values of n. Definition (49) coincides with definition (3.7) in Kohn's paper [17] , except that Kohn assumes k = k n (0).
In the following calculations we choose the Brillouin zone k n (0) ∈< 0, 2π a >, for which the allowed n are simply n = 0, 1, . . . , N − 1 (50) without regards to the parity of N and sign of φ. Using Eqs. (48) and (49) we can easy verify the orthogonality condition
Finally, definition (49) can also be written in the inverted form
In this paper the Wannier functions w l (x) are often called the ring Wannier functions while the Wannier functions W l (x) are called the crystal Wannier functions. The ring Wannier functions are magnetic-flux dependent, the crystal Wannier functions are not. We note that the results obtained in the rest of this section can also be obtained by choosing k n (0) ∈< − Evidently, it is more straightforward to work with Eq. (50). Now we express the persistent current at full filling in terms of the ring Wannier functions. We write ε n (φ) in the form
We need to rewrite the right hand side of Eq. (56) in terms of the matrix elements
where l, l ′ = 0, 1, . . . N − 1. We set into Eq. (57) the equation (49). We find
Since T l ′ ,l depends only on the difference between l and l ′ , we can write
Inverting Eq. (59) we get
By means of Eq. (60), the ground state energy of the fully filled valence band is readily obtained in the form
Finally, the persistent current at full-filling reads
One can see from Eq. (57) that the matrix element T 0 represents the on-site energy of the Wannier state w l (x). Since w l (x) depends on magnetic flux, so does T 0 . This however means that the current (62) is in general not zero. We have thus arrived at the same conclusion as in the preceding section, where the persistent current in the insulating ring (Eq. 35) was derived from the Bloch states and general recipe.
C. Ring Wannier functions in the basis of crystal Wannier functions
The result (47), or equivalently the result (35), can be obtained from the result (62), if the ring Wannier functions are expanded over the basis of the crystal Wannier functions. To show this we proceed as follows.
The Bloch functions of the ring are given by Eq. (38) and normalized as
. The Bloch functions φ k (x) coincide with ϕ k (x) except for the normalization constant. As they are normalized by means of Eq. (40), in the ring we have the relation
We set for φ k (x) in Eq. (63) the definition (43). Then we set Eq. (63) into the right hand side of Eq. (49). We obtain
where k = k n (φ) and summation over k means the summation over n = 0, 1, . . . , N −1. Using substitution l ′ = N r+s, where s = 0, 1, . . . (N − 1) and r = 0, ±1, ±2, · · · ± ∞, we further obtain
Eventually
Equation (66) 
By means of the matrix elements Γ j , equation (67) can be written as
For j = 0 equation (68) gives
We substitute Eq. (69) into the right hand side of Eq. (62).
We obtain the persistent current at full filling in the form
or equivalently in the form (47) which coincides with the result (35) for a j = 2Γ j . In the rest of this section we discuss the physical meaning of the coefficients Γ N , Γ 2N , etc., appearing in expression (47). Since a j = 2Γ j , the meaning of the coefficients a N , a 2N , etc., is the same and does not need an extra discussion.
According to the definition (44), in the infinite 1D crystal the matrix element Γ N represents the hopping amplitude of a single hop from the Wannier state at site l to the Wannier state at site l + N . In the ring with N lattice sites the site l + N is a periodic replica of site l, which means the same site. Appearance of Γ N in expression (47) therefore implies, that the electron in the ring with N sites can make a single hop from the Wannier state at site l to its periodic replica at site l + N . In other words, the electron hops from site l to the same site by making one round around the ring, and Γ N is the hopping amplitude of the process. Note that we speak about hopping in the ring, but in terms of the Wannier states of the infinite crystal (c.f. Eq. 44).
Similarly, the coefficient Γ 2N describes the process in which the electron hops from site l to the same site by making two rounds around the ring. It follows from relation (36) and equation a j = 2Γ j , that Γ 2N is much smaller than Γ N . Its contribution to the right hand side of Eq. (47) is therefore negligible. The meaning of the coefficients Γ 3N , Γ 4N , etc., is analogous and their contribution is negligible even more.
We can summarize the result (47) as follows. The persistent current in the insulating ring with N lattice sites, derived in terms of the crystal Wannier functions, is due to the fact that the electron at the ring site l is allowed to make a single hop from site l to its periodic replicas l ± N . (The sign minus is allowed as well due to the symmetry reason.)
The process in which an electron at the ring site l hops from site l to the same site by making one round around the ring may seem meaningless, because such process does not exist in the basis of the ring Wannier functions. In that basis the energy spectrum ε n (φ) is given by equation (60). As shown in appendix B, equation (60) can be rewritten for odd N as
and for even N as
According to the definition (57), the matrix element T j represents the amplitude of hopping from the ring Wannier state w l (x) to the ring Wannier state w l ′ (x), with j = l − l ′ being the hopping length. The maximum hopping length between the ring Wannier states, allowed by equations (71) and (72), is j = ±Int(N/2) only, and the current in the insulating ring (Eq. 62) is due to the fact that the ring Wannier states depend on magnetic flux. Hopping from l to l ± N , l ± 2N , etc., emerges after the ring Wannier states are expressed (see Eq. 64) through the flux-independent crystal Wannier states. This provides a different picture of the same physics. ), is modeled by the potential well of width 2d, embedded between two infinitelythick potential barriers of height V0. Right: The potential V (x) in a ring-shaped periodic lattice composed of N one-dimensional atoms (N = 6). The lattice period is a, the ring circumference is L = N a.
In the numerical calculations of Sect. V, the parameters of the ring are chosen to emulate the GaAs ring with conduction electrons subjected to the periodic potential of N quantum dots: the electron effective mass is m = 0.067m0, the period of the quantum-dot lattice is a = 40nm, the ring length is L = N a, and the size and depth of the potential well (quantum dot) are 2d = 15nm and V0 = 18meV, respectively. For these parameters the potential well supports one bound state, the ground state with energy εa = −10.4meV. The ground-state orbital ϕa(x) is sketched schematically.
V. THE LCAO APPROXIMATION, APPLICATION TO THE 1D LATTICE WITH RECTANGULAR POTENTIAL WELLS
To evaluate the persistent current (Eq. 47) for a specific crystal lattice, we need to determine the crystal Wannier functions of the lattice. As an example we consider the ringshaped 1D lattice in Fig. 2 . The lattice is composed of the artificial 1D atoms with a single atomic level ǫ a . The atomic orbital ϕ a (x) and energy ǫ a in the isolated atom positioned at x = 0 obey the Schrödinger equation
where v(x) is the atomic potential modeled as a rectangular potential well centered at x = 0 (figure 2, left). In accord with the general recipe of Sect. II, assume that the ring with N atoms (figure 2, right) is periodically repeated as shown in figure 1 . This repetition gives rise to the infinite 1D crystal with potential V (x) which is periodic with period a and ranges from x = −∞ to x = ∞. Evidently, V (x) is a sum of all isolated atomic potentials, that means
where la is the position of the l-th lattice point. The Bloch function Φ k (x) and Bloch energy ǫ(k) of the electron moving in such periodic potential can be expressed analytically in the approximation of localized atomic orbitals (LCAO). The Bloch function is approximated by the LCAO ansatz [21] 
where ϕ(x − la) is the atomic orbital at the lattice point la and C is the normalization constant (given below). The Bloch energy ǫ(k) can be expressed as
If we use the LCAO ansatz (75), a simple textbook calculation [21] gives the formula
with v(x) being the atomic potential at the lattice site l = 0. In Appendix C we express α j and γ j analytically for the model atomic lattice of Fig. 2 . Using the general recipe of section II, we obtain the spectrum of the ring, ǫ n (φ), directly from the Bloch energy (78). It reads
). One can substitute the spectrum (82) into the persistent current formula (24) and one can evaluate the sum on the right hand side of Eq. (24) numerically. We will refer to this approach as to the numerical LCAO approach. The approach provides a straightforward numerical evaluation of persistent current in insulating rings (N e = N ) as well as in conducting rings (N e < N ). It does not provide understanding of the effect, however, it is useful for verification of analytical results.
We mainly want to verify our result for insulating rings, the formula (47). For a meaningful comparison with the numerical LCAO approach, the hopping amplitude Γ j in the formula (47) has to be determined in the LCAO approximation.
We start by specifying the constant C in the ansatz (75). Setting Eq. (75) into the normalization condition (40) we find
The same result is obtained if we set Eq. (75) into the orthogonality condition (41). The crystal Wannier functions are defined by equation (39). We set into equation (39) the ansatz (75) with C = 1/ N (k). We obtain the crystal Wannier function in the form [22, 23] 
Expression (84) (84), we find that
Equation (86) is the hopping amplitude Γ j in the LCAO approximation. An alternative form of Eq. (86) is the equation
obtained by setting the Bloch energy (78) into the Fourrier transformation (46). We also note that the Bloch energy (78) is an alternative form of the expression (45) with coefficients Γ j given by equation (86), since both forms follow from the same LCAO approximation. Proof of coincidence of both forms is straightforward, but lengthy and therefore not shown.
The LCAO expression (86) together with expressions (85) and (83) are still complicated for analytical calculations. Fortunately, the expressions can be simplified, if we take into account that the coefficients α j and γ j decay with increasing j exponentially. Exponential decay is due to the fact that the atomic orbitals ϕ a are exponentially localized at the lattice sites, which is the case for any realistic orbital. If the localization is strong enough, then 1 ≫| α 1 |≫| α 2 |≫ . . . and 1 ≫| γ 1 |≫| γ 2 |≫ . . . . In that limit the expressions (85) and (86) are calculated in appendix D. The results are
where A 0 = 1 and
Expressing Γ j in equation (47) by means of Eq. (90) and keeping only the term with j = N we obtain the result
The last equation is the persistent current in the insulating ring in the LCAO approximation. The following features of the result (91) are worth stressing. For positive α 1 equation (91) predicts the exponentially decaying current with alternating sign, I(N ) ∼ (−α 1 ) (N −1) . Just this result holds for the ring in figure 2 . Indeed, α 1 is positive for a positive ϕ a (x) such like the ground state orbital in figure 2 , which follows from definition (79) as well as from the final expression for α j (appendix C).
For negative α 1 the dependence I(N ) ∼ (−α 1 ) (N −1) implies the exponentially decaying current with fixed sign. For the square-well model in figure 2 the coefficient α 1 is negative for the first excited bound state (not shown in the figure), because the atomic orbital of the state is an antisymmetric function of x with respect to the well center. Thus, if the atomic level ε a and atomic orbital ϕ a (x) belong to the first excited bound state, the sign of the current is the same for any N .
Equations (1) and (2) show that the persistent current in the conducting ring (N e < N ) exhibits the alternating sign in dependence on the parity of N e . This result is independent on the specific properties of the conduction band. If the ring is insulating (N e = N ), the result (91) shows that the sign of the current with respect to N is either alternating or fixed, depending on the properties of the valence band. More precisely, this statement holds for the model ring in figure 2. We will see in the next section that the sign behavior can be even more complicated in rings made of the real band insulators.
Comparison of equation (91) with Eqs. (1) and (2) also shows another important difference between the insulating and conducting rings. In the former case the current decays with N exponentially, in the latter case it decays like 1/N .
Origin of all these differences is easy to see. Equations (1) and (2) (88) and (89), we obtain
If we keep x = na and l = 0 for simplicity, we obtain
It can be seen that the Wannier function decays with distance from site l = 0 exponentially [24] and even shows the alternating sign for positive α 1 . All these properties are reflected by persistent current at full filling. Finally, we calculate the persistent current quantitatively for the numerical parameters in figure 2. These parameters emulate the 1D GaAs ring modulated by a periodic lattice of N quantum dots. In such lattice, the discrete energy level of the quantum dot splits into the energy band. Therefore, the ring behaves at full filling (N e = N ) like a band insulator and at partial filling (N e < N ) as a metal.
The figure 3 shows the persistent current in the insulating ring as a function of magnetic flux for various N . The results evaluated by means of the LCAO formula (91) are compared with the results obtained by the numerical LCAO approach. The numerical LCAO approach nicely confirms basic features of the formula (91) including the alternating sign of the current. The quantitative difference between the numerical and analytical LCAO data could be suppressed by choosing the ring with a more strongly localized atomic orbitals.
The dependence on the ring size is presented in figure 4 . The left panel shows the persistent current as a function of N in the insulating ring and in the conducting ring at half filling. The conducting ring shows for large N the decay I ∝ 1/N , in the insulating ring the current decays with N exponentially. For example, the insulating ring with N = 5 supports the persistent current as small as ∼ 0.001nA. Such small persistent currents are detectable by sensitive techniques [9, 25, 26] .
The right panel of figure 4 shows the transition from the conducting state to the insulating state at N e = N , achieved by varying N e for fixed N . Experimentally, N e could be varied say by using a suitably designed metallic gate, while the quantum-dot lattice might be realized either by means of the periodic array of gates or by producing the 1D ring with a periodically alternating cross-section size.
VI. ESTIMATES OF PERSISTENT CURRENT IN RINGS MADE OF REAL BAND INSULATORS
In the previous section, we have discussed the ring made of the artificial band insulator, namely the 1D GaAs ring with a few conduction electrons subjected to the periodic quantumdot potential. Now we want to estimate persistent current in rings made of the real crystalline band insulators (with fully occupied valence band and empty conduction band). The problem is that such rings are three-dimensional and the 1D theory from the preceding text is not applicable directly.
The problem is outlined in figure 5 . The top right sketch in the figure is a 2D sketch of the 3D ring (or a hollow 3D cylinder) of width w, created from the cubic 3D lattice of atoms. Along such ring there is no periodicity with the lattice period a, there is only periodicity with L. However, the theory in Sects. III -V was developed for the 1D rings with periodicity a along the ring circumference. The question is how to extend the 1D theory to be applicable to the ring-shaped 3D cluster of atoms sketched in the figure 5 .
In principle, for L ≫ w it is reasonable to write the 3D version of equation (24) in the form
with the spectrum of the ring, ε n (φ, k y = 0, k z ), determined as follows:
where ε(k x , k y , k z ) is the Bloch energy of the 3D crystal created by periodic repetition of the linearized 3D cluster (Fig.5) .
Note that the unit cell of the crystal is the linearized cluster. The Bloch energy ε(k x , k y , k z ) should therefore not be confused with the Bloch energy of the crystal with unit cell a 3 .
We call this approach the model of the linearized 3D cluster.
The model also allows to rewrite for 3D rings all equations of Sect. III. First of all, since the period a along the ring no longer exists, it has to be replaced by the period L (replace a by L and N by unity). Second, the Bloch energy ε(k x ) has to be replaced by the Bloch energy ε(k x , k y = 0, k z ) just introduced. Third, the current (35) has to be summed over the occupied states k z . Clearly, the model of the linearized 3D cluster allows to avoid a full 3D treatment of the ring-shaped 3D cluster. However, the model is still cumbersome for practical use because the Bloch spectrum ε(k x , k y , k z ) needs to be calculated for a nontrivial artificial crystal resulting from the periodic repetition of the linearized cluster.
A more simple approach is to consider the artificial 3D ring obtained by elastic bending of the bulk crystal, as it is shown w a L w FIG. 6 . The 3D ring of length L and width w, created by elastic bending of the cubic 3D atomic lattice with lattice period a. In the limit w ≪ L the effect of the elastic bending has to disappear and the electronic states in such ring have to coincide with the Bloch states in the constituting 3D crystal as described in the text (equation 97). We call this model the model of the elastically bent 3D crystal. Obviously, the resulting 3D ring shows for w ≪ L an artificial periodicity with period a, which is not the case for the realistic 3D ring ( fig. 5 ).
in figure 6 . In this case we have instead of the formula (94) the formula
where the energy spectrum ε n (φ, k y , k z ) is given by equation
with ε(k x , k y , k z ) being the Bloch energy in the bulk crystal before it is bent. We call this approach the model of the elastically bent 3D crystal. In this model there is an artificial periodicity with period a along the ring. In spite of this, the model can provide a reasonable quantitative information on how the persistent current in the 3D ring depends on the realistic band structure of the constituting bulk crystal. In the model, the persistent current at full filling is given by equations (47) and (46) modified as follows. The Bloch energy ε(k x ) in the Fourrier transformation (46) has to be replaced by the Bloch energy ε(k x , k y , k z ) and the current (47) should be summed over the occupied states k y and k z . Practical calculations are relatively straightforward, because the Bloch spectrum of the bulk crystal, ε(k x , k y , k z ), is known for many insulators.
In what follows we apply the model of the elastically bent 3D crystal to the rings with thickness equal to the unit cell of the bulk crystal. The energy dispersion of the ring, ε n (φ, k y = 0, k z = 0), is extracted from the bulk crystal dispersion ε(k x , k y = 0, k z = 0), calculated by microscopic methods [28, 29] . The obtained persistent current should be viewed as a minimum value estimate, because the thickness of realistic rings is much larger than the unit cell.
Using standard methods [28, 29] , in the figure 7 we numerically reproduce the well-known band structure of the band insulators like the GaAs, Ge, and InAs. Specifically, 
[eV] By means of the figure 7 we estimate the persistent current as follows. We form the ring by elastic bending of the crystal. We choose the ring orientation for which the k states on the line
are directed along the ring circumference. If the ring is one-dimensional (with thickness equal to a single unit cell of the crystal), the persistent current is given by the 1D formula (47) with the hopping amplitude Γ N given by numerical values in the figure 7. As expected, Γ N decays with increasing N exponentially, however, for the light-hole band the decay is much slower than for other two bands. Therefore it is sufficient to calculate the persistent current in the light-hole band. The results are shown in the figure 7. We recall that these results represent the persistent current carried by electrons in the fully occupied valence band. The following features are worth to point out.
The persistent current in the insulating ring decreases with the increasing ring length exponentially, but a careful choice of the insulating material allows to achieve the persistent current of measurable value for a technologically realizable ring size. Indeed, the maximum ring lengths considered in the figure 8 are close to the value ∼ 120nm, in principle achievable by modern nanotechnology. Concerning the amplitude of the persistent current, the value ∼ 0.0003nA estimated for the InAs ring of length ∼ 120nm is very small, but in principle detectable say by the experimental technique of Refs. [9, 25, 26] . The considered insulators are ordered as GaAs, Ge and InAs for the persistent currents ordered increasingly. This suggests a simple rule: the smaller the light-hole effective mass the larger the persistent current.
We conclude with a few remarks showing that the above 1D estimates hold roughly also for the 3D rings. Similar calculations as in the figure 7 were performed for the k values on the line (X[−2π/a, 0, 0], Γ[0, 0, 0], X[2π/a, 0, 0]). We have found the energies ǫ(k) and amplitudes Γ N (not shown) very similar to those in the figure 7, with the resulting persistent currents being of the same order of magnitude as those in the figure 8. Moreover, we have observed similar results when testing the k values on the lines (K, Γ, K) and (W, Γ, W ). The model of the elastically bent crystal thus provides roughly the same persistent current independently on the fact which crystalline axis is chosen to be directed along the ring circumference. This suggests that anisotropy of the valence band with respect to the k direction does affect the resulting persistent current dramatically. Therefore, the estimated values of the current should hold reasonably also for the realistic ringshaped crystals similar to the ring sketched in figure 5.
VII. SUMMARY AND CONCLUDING REMARKS
We have analyzed theoretically persistent currents in rings made of band insulators. We started by formulating a recipe which determines the Bloch states of a one-dimensional (1D) ring from the Bloch states of an infinite 1D crystal created by the periodic repetition of the ring. Using the recipe, we have derived an expression for the persistent current in a 1D ring made of an insulator with an arbitrary valence band ǫ(k).
To find an exact result for a specific insulator, we have considered a 1D ring represented by a periodic lattice of N identical sites with a single value of the on-site energy. If the Bloch states in the ring are expanded over a complete set of N onsite Wannier functions, the discrete on-site energy splits into the energy band. At full filling, the band emulates the valence band of the band insulator and the ring is insulating.
We have found that the ring carries a persistent current equal to the product of N and the derivative of the on-site energy with respect to the magnetic flux. This current is not zero because the on-site Wannier function and consequently the on-site energy of each ring site depend on magnetic flux.
Further, we have expanded all N Wannier functions of the ring over the basis of Wannier functions of the constituting infinite 1D crystal. In terms of the crystal Wannier functions, the current at full filling arises because the electron in the ring with N lattice sites is allowed to make a single hop from site i to its periodic replicas i ± N . Alternatively, in terms of the ring Wannier functions the same current is due to the flux dependence of the Wannier functions basis, and the longest allowed hop is from i to i ± Int(N/2) only.
We have eventually derived the crystal Wannier functions in the LCAO approximation, and have expressed the persistent current at full filling by means of an exact formula. The validity of the formula was verified by comparison with the numerical LCAO approach. We have presented quantitative results for a 1D ring made of an artificial band insulator, namely for a GaAs ring subjected to a periodic potential emulating the insulating lattice.
Moreover, we have provided estimates for the rings made of real band insulators (GaAs, Ge, InAs) with a fully filled valence band and empty conduction band. The current at full filling decays with the ring length exponentially due to the exponential decay of the Wannier function tails. In spite of that, it can be of measurable size.
We have ignored the effect of nonzero temperature. We expect the persistent currents in rings made of the band insulators to be temperature-independent as long the thermal energy k B T is much smaller than the energy gap separating the valence band from the conduction band. For example, the energy gap in the InAs crystal is ∼ 400meV. Hence, the zerotemperature values of the persistent current, predicted for the insulating InAs ring, could persist even at room temperature.
We have also ignored the electron-electron interaction. The many-body studies [30, 31] suggest that in the 1D ring considered in this paper the repulsive electron-electron interaction would only renormalize the electron transmission through the potential barrier separating two potential wells. That means that the electron-electron interaction would not essentially change our results.
Finally, we relate our results to the paper by Kohn [17] , which defines the insulating state as a property of the manybody ground state (see also the review by Resta [32] ). Kohn's paper contains a discussion implicitly admitting the existence of a negligibly small persistent current in the insulating ring [see the discussion of equations (2.23) -(2.31) in that work]. Kohn points out the exponential localization of the electron states in the ring. However, he clearly states by writing his equation (2.30) , that the current is zero only approximately. Just this negligibly small current is calculated in our paper. Surprisingly, it can be of measurable size.
We start by writing Eq. (28) as 
where M = Int(N/2). Equation (100) can be rewritten as 
Equation (101) coincides with Eq. (30).
APPENDIX B: VARIOUS FORMS OF EQUATION (60)
We first assume odd N . We can rewrite Eq. 
where we have used the definition (29) and relations
which follow from Eq. (59) for real ε n (φ). For even N we obtain in a similar way the equation 
Equations (105) and (107) 
for odd N as well as even N , except that for even N and j = N/2 we have instead of equations (109) To observe this coincidence, it is sufficient to express T j in equations (109) and (110) by means of expression (68), and to use the equations a 0 = Γ 0 and a j = 2Γ j .
APPENDIX C: ANALYTICAL FORMULAS FOR αj AND γj
For the square-well potential in figure 1 the atomic orbitals ϕ a (x − la) can be found easy and the integrals (79) and (80) can be calculated analytically. For j = 1, 2, . . . we obtain 
In addition, for j = 0 γ 0 = V 0 cos 2 (Ad) 1 + Bd e −2B(a−2d) 1 − e −4Bd
1 − e −2Ba .
Expressions (111) and (112) are not exact (we have skipped some exponentially small terms), but they are in excellent agreement with numerical integration of the integrals (79) and (80). As expected, the coefficients α j and γ j decay with increasing j exponentially. The simplest forms are 
if α j falls with j exponentially as in equation (115), and if α 2 1 ≫ α 2 . We note that the latter condition takes the form α 1 ≫ exp(−Ba) for α j derived in the preceding appendix. In general, both conditions are fulfilled simultaneously if the localization of the atomic orbitals is strong enough in comparison with the lattice constant a. We set the expansion (118) into the formula (85) and we perform the integration. We get
It can be seen that
